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Motivation

Cayley-Hamilton Theorem
For A € Mat,xn(C) and pa(x) = det(xl, — A), we have pa(A) =0

Since deg(pa(x)) = n, then the C-algebra generated by A has
dimension at most n, with spanning set {/,, A,---, A""1}
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Cayley-Hamilton Theorem

For A € Mat,xn(C) and pa(x) = det(xl, — A), we have pa(A) =0

Since deg(pa(x)) = n, then the C-algebra generated by A has
dimension at most n, with spanning set {/,, A,---, A""1}

For pairwise commuting matrices Az, - -+ , Ax € Matpx,(C), we will
denote the C-algebra generated by them as C[Aj, -, Ak]

For A € Mat,x,(C) we have dim(C[A]) < n

Ron Cherny The Gerstenhaber Problem



For A, B € Mat,y,(C) commuting matrices, can we get a
dimension bound on C[A, B]?
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For A, B € Mat,y,(C) commuting matrices, can we get a
dimension bound on C[A, B]?

By Cayley-Hamilton we see {A'B/ : 0 < i,j < n} is spanning.
Thus, dim(C[A, B]) < n?, but can we do any better?
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For A, B € Mat,y,(C) commuting matrices, can we get a
dimension bound on C[A, B]?

By Cayley-Hamilton we see {A'B/ : 0 < i,j < n} is spanning.
Thus, dim(C[A, B]) < n?, but can we do any better?

Theorem (Schur 1905)

If A C Mat,x,(C) is a commuting subalgebra, then
dim(A) <1+ |[n?/4]
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For A, B € Mat,y,(C) commuting matrices, can we get a
dimension bound on C[A, B]?

By Cayley-Hamilton we see {A'B/ : 0 < i,j < n} is spanning.
Thus, dim(C[A, B]) < n?, but can we do any better?

Theorem (Schur 1905)

If A C Mat,x,(C) is a commuting subalgebra, then
dim(A) <1+ |[n?/4]

Theorem (Gerstenhaber 1961)

If A, B € Mat,xn(C) commute, then dim(C[A, B]) < n

Ron Cherny The Gerstenhaber Problem



The Gerstenhaber Problem

Surely, this can’t keep on going. What if we have three commuting
matrices A, B, C € Mat,,(C), is dim(C[A, B, C]) < n?
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The Gerstenhaber Problem

Surely, this can’t keep on going. What if we have three commuting
matrices A, B, C € Mat,,(C), is dim(C[A, B, C]) < n?
We don’t know
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The Gerstenhaber Problem

Surely, this can’t keep on going. What if we have three commuting
matrices A, B, C € Mat,,(C), is dim(C[A, B, C]) < n?
We don’t know

The Gerstenhaber Problem

For pairwise commuting matrices Ay, - -+ , Ax € Mat,x,(C), when
does the inequality dim(C[A4, - - , Ax) < n hold?
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Bad things come in fours

When we look at kK = 4 then the bound is known to fail.
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Bad things come in fours

When we look at kK = 4 then the bound is known to fail.

Example

Let e; denote ith standard basis vector in C?#, then the matrices
given by e1e3T, e2e3T, ere] , exe] generate a C-algebra of dim =5
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Bad things come in fours

When we look at kK = 4 then the bound is known to fail.

Example
Let e; denote ith standard basis vector in C?#, then the matrices
given by e1e3T, e2e3T, ere] , exe] generate a C-algebra of dim =5

This construction can be extended for k commuting n by n
matrices with k, n > 4, such that the algebra they generate is
dim > k.
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Algebraic reformulation

If we let S = C|x,y, z] be the polynomial ring in three variables,
one can rephrase the Gerstenhaber Problem in terms of dimensions
of S-modules.
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Algebraic reformulation

If we let S = C|x,y, z] be the polynomial ring in three variables,
one can rephrase the Gerstenhaber Problem in terms of dimensions
of S-modules.

Proposition (Rajchgot, Satriano 2018)

The Gerstenhaber Problem holds if and only if for all S-modules N
which are finite-dimensional over C, we have

dim S/Ann(N) < dim N (1)
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Algebraic reformulation

A common class of S-modules are monomial ideals; Indeed if ] C S
is a monomial ideal, it is easily seen that (1) holds for N = S/I
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Algebraic reformulation

A common class of S-modules are monomial ideals; Indeed if ] C S
is a monomial ideal, it is easily seen that (1) holds for N = S/I

Definition
An n-dimensional Young diagram is a subset A C Z> such that
forall v € Aand w € Z>g, if w < v then w € A

Ron Cherny The Gerstenhaber Problem



Algebraic reformulation

A common class of S-modules are monomial ideals; Indeed if ] C S
is a monomial ideal, it is easily seen that (1) holds for N = S/I

Definition

An n-dimensional Young diagram is a subset A C Z> such that
forall v € Aand w € Z>g, if w < v then w € A

There is a inclusion reversing bijection between monomial ideals of
C[x, y, z] and 3-dimensional Young diagrams.

Ron Cherny The Gerstenhaber Problem



Algebraic reformulation

A common class of S-modules are monomial ideals; Indeed if ] C S
is a monomial ideal, it is easily seen that (1) holds for N = S/I

Definition

An n-dimensional Young diagram is a subset A C Z> such that
forall v € Aand w € Z>g, if w < v then w € A

There is a inclusion reversing bijection between monomial ideals of
C[x, y, z] and 3-dimensional Young diagrams.
For I = (x?,xy?,y3 xz,y?z,yz?, z3), then S/I corresponds to

4

X y
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The next natural S-module is an extension of S// by a single box,
that is S/(x,y, z).
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The next natural S-module is an extension of S// by a single box,
that is S/(x,y, z).

Theorem (Rajchgot, Satriano 2018)

If | C S is an ideal of finite codimension, and N is an extension of
S-modules satisfying the short exact sequence

0—-S/I - N—S/(x,y,z) =0

Then (1) holds
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k=4: Reuvisited

One can realize the counterexample for k = 4 as the following
module: Consider the ideals | = (xi,x2)2 + (x3, x4) and

J = (x1,x0) + {x3,x4)? then we look at the module S/I ® S/J
obtained by gluing (x1,0) to (0, x3), and (x2,0) to (0, xa), that is

N=S/I®S/J/ {(x1,0)—(0,x3),(x2,0) — (0, xs))
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k=4: Reuvisited

One can realize the counterexample for k = 4 as the following
module: Consider the ideals | = (xi,x2)2 + (x3, x4) and

J = (x1,x0) + {x3,x4)? then we look at the module S/I ® S/J
obtained by gluing (x1,0) to (0, x3), and (x2,0) to (0, xa), that is

N=S/I®S/J/ {(x1,0)—(0,x3),(x2,0) — (0, xs))

Where we can realize this pictorially, by looking at the following

diagrams:

X1

1

X2

X3

1

X4

While identifying x; with x3, and xo with xg
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General object of study

We can generalize this example, by considering monomial ideals
| C K and J C L of S and an isomorphism ¢ : K/l — L/J that
sends monomials to monomials. Then define a S-module as

N=5S/1aS/J]{(f,—o(f)): feK/
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An example

This can be realized pictorially as having two 3-dimensional Young
diagrams, say A, i1, and a set of boxes v that we identify between A

and pu.
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An example

This can be realized pictorially as having two 3-dimensional Young
diagrams, say A, i, and a set of boxes v that we identify between A
and pu.

Example

Consider A on the left and u on the right, where we identify the
red boxes between the two diagrams, which represent v
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Some combinatorics

In this new language, we can rephrase (1) purely in terms of A, i, v.
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Some combinatorics

In this new language, we can rephrase (1) purely in terms of A, i, v.
Recal N=S/1&S5/J /) ((f,—o(f)): f € K/I).
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Some combinatorics

In this new language, we can rephrase (1) purely in terms of A, i, v.
Recal N=S/1&S5/J /) ((f,—o(f)): f € K/I).

It is straightforward to show that Ann(N) = 1/nJ.

Which implies dim S/Ann(N) =dimS/(I N J) = |AU ul.
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Some combinatorics

In this new language, we can rephrase (1) purely in terms of A, i, v.
Recal N=S/1&S5/J /) ((f,—o(f)): f € K/I).

It is straightforward to show that Ann(N) = 1/nJ.

Which implies dim S/Ann(N) =dimS/(I N J) = |AU ul.

By counting, we get dim N = |\| + |u| — |v|.
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Some combinatorics

In this new language, we can rephrase (1) purely in terms of A, i, v.
Recal N=S/1&S5/J /) ((f,—o(f)): f € K/I).

It is straightforward to show that Ann(N) = 1/nJ.

Which implies dim S/Ann(N) =dimS/(I N J) = |AU ul.

By counting, we get dim N = |\| + |u| — |v|.

So (1) is rephrased as

dimS/Ann(N) <dimN < [AUp| < A+ |p] — V|
= |y <[ANy|
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We restate the Gerstenhaber Problem for our specific case as:
@ Given two 3-dimensional Young diagrams X and u

o We identify a collection boxes between X\ and p, we name it v
e We check if [v| < [ANpyl
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A picture

We restate the Gerstenhaber Problem for our specific case as:
@ Given two 3-dimensional Young diagrams X and u

o We identify a collection boxes between X\ and p, we name it v
e We check if [v| < [ANpyl

& &K

7= <ANpl=9
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What we showed

A tower is a subset of Z320 of the form {(xo, y0,2) : 20 <z < z1}
for some xg, Yo, 20,21 € ZZO

Ron Cherny The Gerstenhaber Problem



What we showed

A tower is a subset of Z?éo of the form {(xo, y0,2) : 20 <z < z1}
for some xg, Yo, 20,21 € ZZO

Theorem (C, Satriano, Song)

For A\, u, v as before. If v only consists of towers, then |v| < |AN y|
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What we showed

A tower is a subset of Z?éo of the form {(xo, y0,2) : 20 <z < z1}
for some xg, Yo, 20,21 € ZZO

Theorem (C, Satriano, Song)

For A\, u, v as before. If v only consists of towers, then |v| < |AN y|

A

Ron Cherny The Gerstenhaber Problem




Given two modules defined by diagrams (A, i, ) and (X, i/, V") we
define the following order

Definition
We say (A, p,v) < (N, i/, /") if the following hold:
e ACXNandpuCy/
@ there exists an injection ¢ : v < v/ that sends connected
components to connected components

o [ANul v < NN -]
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Reduction

This allows us to get rid of redundant information like so:
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Floor plans

Then we project the diagrams onto the xy-plane, which we call
floor plans:
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We then look at minimal counterexamples with respect to the
defined order, which allows us to restrict to the case where the
border of floor plans consists of elements of v:

y
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We then look at minimal counterexamples with respect to the
defined order, which allows us to restrict to the case where the
border of floor plans consists of elements of v:

y

5]3

1

X

Using these restrictions, we manage to reduce a minimal
counterexample to a smaller counterexample, contradicting

minimality.
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Thank you!
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